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1 Butterworth approximation  

Squared magnitude response of a Butterworth low-pass filter is defined as follows 

 

where - radian frequency, - constant scaling frequency, - 

order of the filter. 

Some properties of the Butterworth filters are: 

 gain at DC is equal to 1; 

 has a maximum at  

 The first derivatives of (3.1) are equal to zero at . This is why 

Butterworth filters are known as maximally flat filters. 

Poles locations 
Using property (1.26) expression (3.1) can be rearranged to the form 

 

Given this expression can be written as follows 

 

Function has poles and doesn't have any finite zeros. It is easy to see that if 

is a pole of (3.2), then is also a pole of (3.2). In order to find the poles of transfer 

function that satisfy (3.2), we have to select one pole from each pair 

of the poles of expression (3.2). As it was mentioned before, the poles of a valid filter have to 

have negative real parts.  
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The poles of (3.2) can be found as roots of equation 

 

Observing that , where stands for the odd number, roots of (3.3) can 

be obtained as solutions to the equation 

 

The solution of (3.4) can be presented in the form 

 
Minimum order determination 

The practical low-pass filter specification is determined by four parameters: . The 

first step to design a filter with these parameters is to determine the minimum order of the filter 

that meets this specification. The signal attenuation for the Butterworth approximation can be 

expressed as follows 

 

Applying (3.7) to the pass-band and stop-band edges results in the following system of two 

equations 

 

These equations can be rearranged as  

 

Variables and must be obtained from system (3.9). The order of the filter is an 

integer variable, and scaling frequency is the real variable. Parameters are 
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real and they are set in the specification (parameters were replaced with  

In general, system of equations (3.9) doesn't have a precise solution for those kinds of variables. 

But it can be solved if integer variable is replaced with the real variable . 

 
where brackets [] stand for the nearest integer exceeding . 

 

Cutoff frequency determination 

 

Converting gain to decibels results in 

 

Therefore, the natural cutoff frequency can be determined as a frequency where the signal loss 

through the filter is approximately 3 dB. 
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6A The symmetry (or antisymmetry) property of a linear-phase FIR filter can be exploited to 

reduce the number of multipliers into almost half of that in the direct form implementations 

 Consider a length-7 Type 1 FIR transfer function with a symmetric impulse response 

Rewriting H(z) in the form

  

 

 

  

        A similar decomposition can be applied to a Type 2 FIR transfer function 

        For example, a length-8 Type 2 FIR transfer function can be expressed as 

 

The corresponding realization is shown below: 

4 
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The Type 1 linear-phase structure for a length-7 FIR filter requires 4 multipliers, whereas a 

direct form realization requires 7 multipliers .The Type 2 linear-phase structure for a length-8 

FIR filter requires 4 multipliers, whereas a direct form realization requires 8 multipliersSimilar 

savings occurs in the realization of Type 3 and Type 4 linear-phase FIR filters with 

antisymmetric impulse responses 
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10.

b 

close all; 

clear all; 

xn=input('Enter the sequence x(n)'); %Get the sequence from user  

ln=length(xn); %find the length of the sequence 

xk=zeros(1,ln); %initialize an array of same size as that of input sequence 

ixk=zeros(1,ln); %initialise an array of same size as that of input sequence 

%code block to find the DFT of the sequence 

%----------------------------------------------------------- 

for k=0:ln-1 

    for n=0:ln-1 

        xk(k+1)=xk(k+1)+(xn(n+1)*exp((-i)*2*pi*k*n/ln)); 

    end 

end 
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